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Comparison test type 1. If f and g be two positive functions on [a,b] and f(z) < g(z)
Vo € [a b], then

/ f(x) converges if / g(x) converges.
ii) / g(x) diverges if / f(z) diverges.

Comparison test type 2. If f and g be two positive functions on [a, 00) and f(z) < g(x)
Vz € [a, oo) then

/ f(z) converges if / g(x) converges.
ii) / g(z) diverges if / f(x) diverges.

Limit form test. If f and g be two positive functions on [a, b] and f(z) < g(x) Vz € [a, b]

b
and hm+ fg; [(# 0,< o0), then / f(x) and / g(z) converge or diverge together at a.
z—aT g\T
1 e %
Example 1.1. [ :/ -
o T

Sol. Here 0 is the only point of infinite disw}nuity of the integrand if n < 1. Let
f(z) = 5= and g(z) = =15, then

(z) <Z T . _
lm— xn:hmele.
z—0t g 37 a:l - z—07t

1
d
Now, / Txn converges if 1 —n < 1 = n > 0. Hence the given integral I converges if n > 0.
o T

o
Example 1.2. I:/ gQUQCZJU
0 14z
Sol. The right end point b is infinite. Choose f (Q = {10 andoog(a:) = ﬁ Then
dx .
flz) = {355 < 1+x2 = g(z) Yz € [0,00). Now, I} = ; g(x)dx = /0 mdw is conver-

gent. Therefore, by comparison test type 1, I = fooo f(x)dx is convergent.

1
Beta function. B(m,n) = f(m,n) = / ™ (1 — )" 'dz. Hence, B(m,n) is proper

0
integral if m > 1,n > 1. Improperness is attained when m,n < 1.
1
/ g™ N1 —2)" e, m<1l,n<l1
0

we will obtain B(m,n) converges if and only if m,n > 0.

o0
Gamma function. I' = e %x" Ldx converges if and only if n > 0. Here, 0 is a point

0
of infinite discontinuity if n < 1.

0 1 00
F:/ exxnld:r:/ exxnlda:+/ e " Ldx
0 0 1



we can show that [' = fooo e Tx"ldz is convergent if only if n > 0.

Properties of Beta and Gamma functions.
I.Tn)=(n—1)I'(n—1) whenn > 1

I'(n) = / e "y = [—2" e + (n — 1)/ e """ 2dy
0 0

=n—-1)I'n-1)

=T(n)=m-1I'n-1)
=n-1)Mn-2)---2.1
=(n—-1)!

2. B(m,n) = B(n,m)

1
B(m,n) :/ 2™ N1 - z)"ldx
0

(1—y)™ " lda [Let, (1 —x) = y]

I
® S

(n,m)
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3. B(m,n) = FF((TZE%), m >0, n>0.

4. /mL(2m) =227 1T(m)I(m + 1), m > 0 = Legendre’s Duplication Formula.

5. B(m,n) = 2172 B(m, )
Example 1.1. Find the value of I'(3).

Soln. Let m =n = %, then using properties of Beta and Gamma functions, we get

1. T(3)Ir(3) [INT R
Again,
B L) /1 11— 2)771d /1 dm [z = sin®(0) = dx = 2sin 6 cos Od0)]
Z )= T —r r = r = sin r = 2sin
22’ J, 0o Vrvi—z
= 2060)}
=T

S

Hence, I'(3) = /B(1,1) = /7 Q
Example 1.2. Evaluate / e dx.
0

Soln. Let 22 = z = 2xdr = dz. So we get,

o0 2
I:/ e’ dx
0
1 oo
= / e 2 3dz
2 Jo

(o]
:1/ e 2371z
2 Jo

1 (1)_\/7?
2727 2
Example 1.3. Evaluate [ /1 zdv
X .3. Evalu = i
P o V1—uxb

Soln. Let us take,

2° =2 = brtdr =dz
d:
54

1 4
= dx = 52 5dz

= dr =



Now,

1
1
I= z%fz*%(l —z) 2dz
0 5
1 1
/ z_%(l—z)_2dz
5 Jo
1 ! 2_4q 14
=— | 257 (1—2)2 'dz
5 Jo
21
— B(Z. =
2.3
E 114E1t1/1dx't fG functi
xample 1.4. Evaluate I = ———— in terms of Gamma function.
P 0o V1—a2t

Soln. Let us take,

2t =2 = 423dr = dz

dz
43

1 E
= dr = zz*%dz

= dx =

Now,

SRR
0
1l 1R
:4my£}
ITETG) _1val(E) _ valE) 1 2irdye
itd+y) A ard sVaha
[ TC)r(3) = Var]

Differentiation under integral sign. Suppose f is defined on a rectangle R : [a,b] X [c, d]
and it is continuous on R. Let f,(x,y) exists and continuous on R, then the integral

d
g(x) = / f(z,y)dy

is differentiable with respect to x on (a,b) and

d
ﬂmzj"nmwmy
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Leibnitz Rule of Differentiation. Let f(z,y) and f,(z,y) are continuous on a rectangle
R =a,b] x [c,d]. Let ¢, ¢ : [a,b] = [c,d] be both differentiable on (a,b). Then the integral

o(x)

9(x) =/ f@,y)dy
()

is differentiable on (a,b) and

o(x)
J(@) = / Foly)dy + (2, 0(2))d (2) — f(z, (2)) ()
o(x)

1y 1
Example 1.1. Evaluate by diff. under integral sign, the following integral I = / xlog dx.
0 X
Soln. Let,
Loy —1
o(y) = / dzx. (Using Leibnitz rule of derivative)
o logx
1 1 1
0 (z¥—1 1 0 1
()= | = dx = y—ld:/ Ylogz d
= W) /0 8y< log x ) o /0 logafay(x ) do 0 logxx o8 L

A 1

)= [ =[P L &)
y+ 1o y+1§)

0
1
:>¢(y):/y+ldy:10gey+cQ

é

1xy_1 1
<b(y)=/0 gz de = ¢(o)=/0 O0dr =0

#(0) =1log,0+14+¢c=0=0+c=c=0

Again we know that,

The required value of the integral is ¢(y) = log(1 + y).
oo
Example 1.2. Evaluate [ = / e~ cos ax da.
0
Soln. Let,

0 2
I(«) :/ e ¥ cosaxdr
0

dl o0
= — = —/ ze™® sin ax dz
dO[ 0
1 22 . S e’ o0 ) .
= |:§6 sin aw}o —3 e ¥ cosaxrdr (Integrating by parts)
0
- %I(a)
da « o?
o2 log I(a) = —
= 7 2daz> og I(«) 1 +c
a2
= [(a) =ce” 4 (1.1)



NZs

o
Since, I(a) = ~* cosax dr = 1(0) = / e dy = 5
0

e
0
Now, from (1.1) v I1(0) = ce® = c = ¢ = 5.
T x>
4

integral is I(a) = Y5-e

Integration in R? (double integral) and in R?(triple integral).
b
f:a, b = R, I:/ f(z)dx
’ b pd
frlatxfed =R L= [ [ fy)dedy

£ ilab] x [evd) x [e, f] = R, Ilz/b/d/ffm,y,z)dxdydz

Example 1.3. Evaluate I = |, xd—fy, where ¢ is the curve z = at?,y = 2at,0 < t < 2.

Soln. We have, z = at?,y = 2at = dx = 2atdt, dy = 2adt. Now,

I /2 atdt
0 at?+ 2at
2 dt
0 t+2
= 2[log(t + 2)]32 2[log4 — log 2] = 2log 2

<
R

=2

Vi Therefore, the required value of the
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Line integral. A curve in R? is given by ¢ = {(z,y) : * = ¢(t),y = ¥(t),a < t < b}. We may
write this curve C' as x = ¢(t),y = ¥(t),a <t < b. Let f(x,y) be a bounded function defined
at every point of C'. Consider any partition P of [a,b] such that P = {a = to,t1,t2, -+ ,t, =
b}. Let zp = ¢(tr), yr = (t,) and &, € [tr_1,t,] be arbitrary. consider the sum

S=>" flo(&), P&z — zr1).
r=1

If the norm p(P) — 0, the sum S tends to a finite limit which is independent of the choice
of the point &, and the limit is denoted by / f(x,y) dx.
C

b
Working principle : /Cf(x,y) dx = / flo(t),v(t)e' (t) dt

y?dr — 2% dy

Example 1.1. Find I = / , where C is the semi-circle x = acost,y =

c TP+y’
asint,0 <t <.

Sol.
7 / y?dx — 22 dy B
o w?+yr
1 ™
=~ [a? sin” t Qsi t) — a? cos® t(acost)] dt
a” Ji=0
(L3 T
=—— [ [sin®+cos’ t] dt
a= Jo
s
4
= —a/ [sin® 4 cos® t] dt = 2
0 5

Example 1.2. Evaluate I = / (2% dz + zy dy) taken along the line segment (1,0) to (0,1).
C

Sol. The equation of the line passing through (1,0) to (0,1)isz+y=1= dy = —d=z.
1 1

Then, I = / (2% dx + zy dy) = / (%dz + 2(1 — z)(—dz)) = / (222 — ) dx = ~5
c 0 0

Double integral over a rectangle R. Let f be a function of two variables x and y
over a rectangle R : [a,b] X [c,d]. Let

Pl:{a:xO"Tla""xn:b}v P2={C=yo,y1,-~-,yn:d}

U(P, f) = Z ZMU(% —xi1)(yj — yi-1), L(P, f) =mij(zi — zim1)(y; — yj-1),

where U(P, f) and L(P, f) are the upper sum and lower sum, respectively. M;; and m;; are
the upper bound and the lower bound of f(x,y) in [z;—1,2;] X [yi—1, y:], respectively.



n—o0

If lim U(P, f) exists, then it is denoted as // f(x,y) dx dy (upper integral) and simi-
R
larly if li_)m L(P, f) exists, then it is denoted as / / f(z,y) dx dy (lower integral).
n—oo —R

If both upper integral and lower integral exists and equal, then the value is denoted by
[Jr f(z,y) dx dy. This is called the double integral of f over R.

Example 1.3. Evaluate // (2% + 2y) dz dy where R = [0,1] x [0, 2].
R

Sol.

/yio {/::o(x”x) da] ay = /02 [23 ”f”y];dy - /02 E +2y](1)dy =13 +y2}§ - 1374

<
R
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Example 1.1. Evaluate [ = / zsin(x + y) dx dy, where R := [0, 7] x [0, 5].
R
Sol. Using [ff:a { fydch(:v,y) dy} dx = fyd:c { f;’:a f(z,y) dw} dy}, we have

= / xsin(x + y) dx dy
y=0 Jz=0

/ [,
:/0 [—a:cosx-l—y}

s
:/ [zsinx + x cos x] dx
0

Wl

xsin(x +y dy}d

=7—2

Double integral over a region. If f is a continuous function in a domain D which is
bounded by the curve y = ¢(z),y = ¥(x),z = a,y = b, where ¢ and 1) are continuous on
[a,b] and ¢(x) < ) then,

//fa:yda:dy—/ w@ :Uydy

Example 1.2. Evaluate 23y? dx dy‘é% the circle C' : 22 4+ y? < a?

Sol. The circle C is
x2+y2§a2:> y2§a2—$2:> —nggm.

When y = 0, then 2?2 < a? = —a <z < a.

a Va?—x?
// :c3y2dxdy:/ x3{/ y2dy}da:
R r=—a y=—Va2—z2

2 a
= / :L'3(a2—:1:2)%dx
3

=0

Example 1.3. Evaluate I = / / ydzx dy over the part of the plane bounded by the line
R
y = x and the parabola y = 4z — 2.

Sol. Puttingy =z iny=4r —2?> = v =42 — 2> = 2(x —3) = 0= 2 = 0,3. The line
joining the parabola meets at (0,0) and (3,3). Any line parallel to y-axis cuts the boundary
of the region into two points, say P and ). Thus,

3 4a—2? 3
1 4
://ydardy:/ dm/ ydy:/ [(435—:1:2)2—:1;2 da;:5—.
R =0 x 2 0 b

Example 1.4. Evaluate [ = // cos(xz+y) dx dy over thedomain closed by z = 0,y = 7w,y =
R



P @n) Ehad

Sol.

/ / cos(z +y) dz dy
= /: / cos(x + y) dy}

™

sm x + y)} dx
y=x

I Il
[‘\Jﬁ\\

(— sinx — sin 2x) dx

Change of the order of the integration.

V2az—z2
[ eyl

T

a
Example 1.5. Change the order of integration in ‘Kc}ouble integral I = / {
0

Sol. The given domain of the integratlo is described by a line which starts from x = 0
i.e, y-axis and moving parallel to y-axis t n¥tes at x = a Further the extremities of the
moving line lie on the parts of the line yﬁ d the circle 22 +? in the first quadrant. when
we change the order of integration, the e region is described by a line moving parallel to
r-axis instead of y-axis. The line y = = and the circle 2% + 32 = 2ax cut at the points (0, 0)
and (a,a). Any line parallel to z-axis cuts the domain into two points P'Q’. We have

22 —2ax+1y* =0= =z =a+ /a2 —y2

Then,
I / " / ’ f@,y)d
= Y T,y)ax.
y=0 r=a—+/a?—y?
1 VT 1 Y
Example 1.6. / dm/ f(:z:,y)dy—>/ dy/ f(z,y)dzx
0 T 0 y?
1 V1—z2 1 V1—y2
Example 1.7. / d:c/ flx,y dy%/ / flz,y)de.
~1 0 (@.9) 0 J—y/1-y2 (=.v)
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